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Abstract 
In 1964 K. Morita introduced the concept of P(m)-spaces which characterized the normality of 
products with any metrizable space of weight < m. Especially, a topological space X is a normal 
P(No)-space if and only if X x Y is normal for any separable metrizable space Y. Okuyama 
(1991) introduced a similar notion of weak P(No)-spaces which concerned the paracompactness 
of products with any K-analytic space. 
In this note, we show the difference of P(No)-spaces and weak P(No)-spaces, and also charac- 
terize a topological space X such that X x Y is hereditarily normal for any hereditarily normal, 
weak P(No)-space Y. 0 1998 Elsevier Science B.V. 
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1. Introduction 
In 1964 Morita [3] introduced the notion of P-spaces which concerned the normality 
of product spaces with any metric space. The definition of P-spaces and Morita’s main 
result are as follows. 
Definition 1 [3]. Let m be a cardinal number 3 1. A topological space X is a P(m)- 
space, if for a set A of power m and for any family {G(C): CJ E nCw} of open subsets 
of X such that 
(1) G(a) c G(r), if g, T E A<“ and CT c 7, 
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there exists a family {F(a): (T E Acw} of closed subsets of X satisfying the following 
two conditions: 
(2) F(a) c G(o) for cr E ncw; 
(3) X = U{F(g): g c f} for any f E _4w such that X = U{G(a): B c f}, 
where AU denotes the set of all mappings from w to A, ilcw denotes the set of all 
mappings from initial finite segment of w to A, and o c T and o c f denote that 
domain of cr is contained in domains of r and f, respectively. 
In case X is a P(m)-space for any cardinal m, X is called a P-space. 
Theorem MI (Morita [3]). Let X be a topological space and let m 3 No. In order that 
the product X x Y be normal for any metrizable space Y of weight < m it is necessary 
and suficient that X be a normal P(m)-space. 
As a special case, Theorem Mi shows that a topological space X is a normal P(No)- 
space if and only if X x Y is normal for any separable met&able space Y. 
As an excellent result which is similar to Theorem Ml, Morita [4] gave the following: 
Theorem Mz (Morita [4]). Let X be a metrizable space. In order that the product space 
X x Y be normal for any countably paracompact normal space Y, it is necessary and 
su$ficient that X be a countable union of locally compact subsets. 
In view of Theorems Mi and M2 we discussed to characterize a space whose product 
with any K-analytic space is paracompact. The definition and a result are as follows. 
Definition 2 [5]. A topological space X is called a weak P(No)-space, if for any family 
{G(a): 0 E w<“} of open subsets of X such that 
(1) G(O) c G(r), if U, r E wcw and 0 c r; 
(2) U{G(a): o c f} = X for any f E ww, 
there exists a family {F(a): 0 E wcw } of closed subsets of X satisfying the following 
two conditions: 
(3) F(a) c G(a) for any o E w<“‘; 
(4) U{F(a): fr c f} = X for any f E ww. 
Theorem 0 [5]. For a completely regular Hausdog space X, X is a paracompact 
weak P(No)-space if and only if X x Y is paracompact for any K-analytic space Y. 
A completely regular Hausdorff space X is called a K-analytic space, if there exists 
an upper semicontinuous mapping F from ww to nonempty compact subsets of X with 
U{F(f): f E w”} = X. 
g-compact Hausdorff spaces and separable completely metrizable spaces are all K- 
analytic. Concerning K-analytic spaces and related matter, we refer to Rogers and Jayne’s 
book [63. 
In view of Theorem M2, here is a question: 
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Question. Let X be a separable metrizable space. In order that the product space X x Y 
be normal for any paracompact weak P(Na)-space, is it necessary that X be a K-analytic 
space? 
The purpose of this note is to give an answer for a very special case: 
Let X be a separable metrizable space. In order that the product X x Y be hereditarily 
normal for any hereditarily normal, weak P(No)-space Y, it is necessary and sufficient 
that X be a countable space. 
We often use the following propositions concerning analytic spaces. 
Proposition 3. Every uncountable analytic space contains a Cantor set (cf. [6, Corollary 
3.5.21). 
Proposition 4. Metrizable K-analytic spaces are analytic (cf. [6, p. 1091). 
In the sequel, all spaces are assumed to be completely regular Hausdorff. 
2. An example of a paracompact weak P(No)-, non-P(No)-space 
From Definitions 1 and 2 in the Introduction, every P(No)-space is clearly a weak 
P(No)-space. On the other hand, there is a difference between these spaces, as follows. 
For a space X and its subset A, we say that A is a Bernstein set, if every uncountable 
closed subset of X intersects both A and X - A. For a space X and its subset A, we 
denote by hl(X,A) the space such that every subset of A is to be open adding the 
original open subsets of X. The idea is due to Michael [2] and it is seen that, if X is a 
metrizable space, then A4(X, A) is hereditarily paracompact for any subset A of X. 
As a slight modification of hil(X, A), we can easily see the following: 
Lemma 5. Let (X, 7) be a metrizable space and A = {F,: n E IV} a countable family 
of closed subsets of X, and let 7’ be the topology on X which induced by I U A 
as a subbase and M(X, A) the space (X, I’), where W denotes the set of all natural 
numbers. Then M(X. d) is also a metrizable space. Especially, if (X, 7) is separable, 
then so is M(X, A). 
To show the difference mentioned above, we use the following fact: 
Theorem Mi (Michael [2]). Let X be a separable metrizable space and A a subset of 
X which is not an F,-subset of X. Then the product space M(X, A) x A is not normal. 
Theorem 6. Let X be an uncountable, separable, completely metrizable space and A a 
non-F,-subset of X such that each analytic (in X) subset of A is an F,-subset of X. Then 
M(X, A) is a paracompact weak P&)-space, but it is not a P&)-space. Especially, 
that is true, if A is a Bernstein set in X. 
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Proof. Put A4 = M(X, A). Then M is a paracompact space. To show that M is a weak 
P&)-space, let 
{F(a): c7 E kJ<w} 
be an arbitrary family of closed subsets of A4 such that 
F(a) 2 F(r), if 0, r E wCw and D c r; 
r) {F(a): 0 c f} = 0 for any f E ww. 
Put 
Ff(c7) = Clx F(o) and K(a) = F+(a) - F(a) 
for each 0 E wCw, and 
L = u { n {F+(a): o c f}: f E ww}. 
Then L is a Souslin-F set in X and, therefore, it is an analytic set in X (cf. [6, Theo- 
rem 25.21). As n{F+(g): o c f} c A holds for each f E w“, L is contained in A, and 
by the assumption L must be F, in X. Put L = U{Fn: TZ E IV} and A = {F,: 71 E N}. 
Again, put M’ = M(X,A) and F’(O) = F+(a) - (K(o) n L) for each c E w<“‘. 
Then, by Lemma 5, M’ is a metrizable space and Fe(o) is a closed subset of M’ for 
each o E wCw. For each f E wU, since n{FO(o): o c f} c L holds, we have 
n {F’(o): o C f} = n {F+(a) - K(a): o C f} = n {F(o): D C f} = 0. 
Since every metrizable space is a P(No)-space, M’ is a P&)-space and, hence, there 
exists a family 
{G(C): 0 E wCw} 
of open subsets of M’ such that 
F’(o) c G(a) for each CY E w<“, 
and 
n {G(O): (T c f} = 0 for each f E wW. 
By the constructions of M and M’ and from the fact L c A, every open subset of 
M’ is also open in M. Hence, {G(a): o E wCW } is the required family to be a weak 
P(No)-space. This completes the proof that M is a weak P(No)-space. 
Next, we show that 1M is not a P(No)-space. Since A is a non-F,,-subset of X, M x A 
is not normal by Theorem Mi and hence, by Theorem Ml, M is not a P(Na)-space. 0 
3. Results 
Theorem 7. Let S be an uncountable, separable, completely metrizable space and X a 
subspace of S such that X x Y is norm& for any normal, weak P(No)-space Y. If F is 
a closed subset of X such that any analytic (in S) subset of F is an F,-set in S, then 
F must be an F,-set in S. 
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Proof. Suppose that A is a non-F, (in S) closed subset of X such that any analytic 
(in S) subset of A is an F,-set in S. 
Put Y = M(S, A). Then, by Theorem 6, Y is a paracompact, weak P&)-space and 
X x Y is normal by the assumption. Since A x Y is a closed subset of X x Y, A x Y is also 
normal. Hence, for two disjoint closed subsets A x (Y - A) and A = {(x, z): z E A} of 
A x Y there exist two disjoint open subsets G and H of A x Y containing A x (Y - A) 
and A, respectively. 
For each point J: E A, let n(z) be a natural number such that 
holds, where U(x, l/n(z)) denotes the open (l/n(x))-ball with x as its center in S. For 
each k E N, put Al, = {x E A: n(x) = k}. Then we have A = U{Ak: k E N}. 
Since A is non-F0 in S, there exists an m E N such that Cl, A, f? (S - A) # 0. 
Choose a point y in Cl, A, n (S - A) and let x be a point of U(y , 1/2m) n A,. Then 
we have 
(x:,y)~A,x(S-A)cAx(S-A)cG. 
Let VI and Vz be open neighborhoods of z and y in S, respectively, satisfying 
(V, n A) x Vz c G. 
Choose a point y’ in Vz 0 U(y, 1/2m) n A,. Then we can see that 1c is in U(y’, l/m) 
and hence, (x, y’) is in H. On the other hand, (x, y’) is also in (VI n A) x V,, which 
is contained in G. This is a contradiction to the assumption that G and H are disjoint, 
which completes the proof. 0 
Corollary 8. Let S be an uncoutable, separable, completely metrizable space and X a 
subspace of S such that X x Y is normal for any normal weak P(No)-space Y. Then 
any uncountable closed subset of X contains a Cantor set. 
Proof. Suppose F an uncountable closed subset of X which contains no Cantor set. 
Then, by Proposition 3 any analytic (in S) subset of F is countable and thus F,. By 
Theorem 7, F must be F, in S. By Proposition 3 again, F contains a Cantor set, which 
is a contradiction. 0 
Corollary 9. Let X be a separable metrizable space such that X x Y is normal for any 
normal weak P(No)-space Y. If every compact subset of X is countable, then X is a 
countable space. 
Proof. Without loss of generality, we can assume that X is everywhere dense; that is, 
there is no isolated point in X. Let S be a completion of X. If S is an uncountable 
space, we can choose a Bernstein set A in S containing X. If X is uncountable, then 
by Corollary 8 X contains a Cantor set which is contained in A. This is a contradiction. 
Thus, X must be a countable space. 0 
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Theorem 10. Let X be a separable metrizable space such that for every subspace X’ 
of X satisjies the following condition: X’ x Y is normal for any normal, weak P(No)- 
space Y. Then X is a countable space. 
Proof. Without loss of generality, we can assume that X is everywhere dense. Let S be 
a completion of X and A a Bernstein set in S. By the same argument as the proof of 
Corollary 9 X n A is a countable set. 
Since S - A is also a Bernstein set in S, X - A is a countable, too. As a consequence, 
X is countable. 0 
Corollary 11. Let X be a separable metrizable space such that X x Y is hereditarily 
normal for any hereditarily normal, weak P( N )- p o s ace Y. Then X is a countable space. 
4. Comments 
(1) Quite recently, Balogh [l] finally answered Morita’s third conjecture that a topo- 
logical space X is a a-locally compact metrizable space if and only if X x Y is normal 
for any normal, countably paracompact space Y. 
In view of this point, here is a question which is more general than the question 
mentioned in the Introduction: 
Question. In order that X x Y be normal for any normal weak P(Nc)-space Y, is it 
necessary that X be a K-analytic space? 
(2) Relating to Theorem 0, we can easily see that X is a paracompact, weak P(No)- 
space if and only if X x Y is normal for any closed subspace Y of the space w” of all 
irrational numbers; more generally, if and only if X x Y is normal for any separable, 
completely metrizable space Y. 
Concerning the above question, we cannot expect that X be a separable, completely 
metrizable space. Because, let X be the space of all rational numbers as a subspace of 
the real line. Then X is a K-analytic space and, hence, X x Y is normal for any normal, 
weak P(Na)-space Y. On the other hand, X is not completely metrizable. 
(3) We cannot remove the hereditarity in our results for X to be countable. 
Let II be the unit closed interval and A a Bernstein set in II. Then M(Il, A) is not 
a P&)-space by Theorem 6, and, therefore, there exists a separable metrizable space 
X such that X x M(II, A) is not normal. In this case, X is not countable. Because, if 
X is a countable space, then X is K-analytic. Since M(II, A) is a paracompact, weak 
P(Nc)-space by Theorem 6, X x M(lI, A) must be normal, which is a contradiction. 
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